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Abstract: In the previous works, we proposed the stochastic quantization method 
(SQM) approach to A/" = 1 supersymmetric Yang-Mills theory (SYM). In four di- 
mensions, in particular, we obtained the superfield Langevin equation and the cor- 
responding Fokker-Planck equation which describe the underlying stochastic process 
manifestly preserving the global supersymmetry as well as the local gauge symmetry. 
The stochastic gauge fixing procedure was also applied to SYM4 in the superfield for- 
malism. In this note, we apply the background field methd to SYM4 in terms of the 
stochastic action principle in the SQM approach. The one-loop /5-function for the 
gauge coupling agrees with that given by the path-integral approach, thereby con- 
firming that the stochastic gauge fixing procedure with the background local gauge 
invariant Zwanziger's gauge fixing functions simulates the contributions from the 
Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost at the one-loop level. We 
also show the equivalence of the effective stochastic action in the background field 
method to the standard one in SQM. 
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1. Introduction 

In the analysis of gauge theories, the background field method (BFM) simplifies 
the perturbative calculation and the renormalization procedure by respecting the 
background local gauge invariance[0]|0|0][Q|[^|^[0. The method is, in particular, 
a powerful tool for supersymmetric models in the superfield formalism [p| p| pO|] [p 



In the previous works |T^p!B|, we proposed an approach to TV = 1 supersymmet- 
ric Yang- Mills theory (SYM) [[l^ via the stochastic quantization method (SQM) [[l5|] . 
The superfield Langevin equation and the corresponding Fokker-Planck equation de- 
scribe the underlying stochastic process for SYM4 manifestly preserving the global 
supersymmetry as well as the local gauge symmetry[l^]. It is the extension of 



prior works||T6[|[T^[T^ on the application of SQM to the supersymmetric U(l) gauge 
theory |[T9[] to SU(N) case. The stochastic gauge fixing procedure for Yang-Mills the- 
ory (YM)Pg[PT[]Plpa was also applied to SYM4 in the superfield formalism P]. 
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In Ref ■ ||T3| , it was shown that the stochastic gauge fixing procedure for SYM4 is 
equivalent to the Faddeev-Popov prescription in the path-integral method. The 
renormalizability of SYM4 in the SQM approach is ensured in terms of the BRST 
invariant stochastic action principle. For further application of SQM to SYM, such as 
the evaluation of anomalies ||24|| p5[] [p^ |p7||, we fomulate BFM in this context. In the 



SQM approach, BFM has been applied to YM4PSI. The equivalence of the stochastic 
gauge fixing procedure to the Faddeev-Popov prescription has been established by 
the explicit calculation up to the two loop order of the perturbation [^]. In SYM4, in 
contrast to the standard path-integral for SYM4P0I, the Faddeev-Popov prescription 



in the conventional BFM requires an extra ghost 0, a Nielsen-Kallosh type ghost [pi 



in addition to the ordinary Faddeev-Popov ghost. The reason is that the chiral con- 
dition on the Nakanishi-Lautrup superfield and the Faddeev-Popov ghost superfield 
is replaced to the background chiral condition in BFM. This causes a non-trivial 
contribution of the Nakanishi-Lautrup field. The additional Nielsen-Kallosh ghost is 
introduced to cancel the contribution 0. Therefore, it is non-trivial in BFM formu- 
lated in the SQM approach whether the stochastic gauge fixing procedure simulates 
the contributions from both these ghosts. In this note, we apply BFM to SYM4 in 
the context of SQM. We show that the one-loop /3-function for the gauge coupling 
obtained by BFM in SQM agrees with the well-known result in A/" = 1 SYM4[|l^ 



This indicates that appropriate Zwanziger's gauge fixing functions, which are cho- 
sen to be invariant under the background local gauge transformation, simulates the 
contributions from the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost. 
The paper is organized as follows. In §2, we recapitulate the stochastic gauge fixing 
procedure for SYM4. In §3, the stochastic action principle|g|g[g^|§|3 is 
introduced for the perturbative analysis of SYM4. In §4, we apply BFM to SYM4 in 



SQM. A slightly improved point in comparison with the YM case[^]p9| is that we 
introduce a background superfield for the auxiliary superfield, which is the canonical 
conjugate momentum of the vector superfield with respect to the stochastic time, in 
order to define a background local gauge invariant "classical "stochastic action. In 
§5, the /5-functions are determined in the one-loop level. We use the regularization 
via the dimensional reduction. |^ In §6, we show the equivalence of an effec- 
tive stochastic action defined by the stochastic BFM, which is a generator of the 
1-P-I stochastic vertices, to the standard one in SQM. This explains the reason why 
BFM in SQM reproduces the contribution of the Nielsen-Kallosh ghost as well as the 
Faddeev-Popov ghost. In §7, we discuss the BRST invariant formulation of SQM. 
In particular, we complete the proof in §6 on the equivalence of the stochastic BFM 
to the standard SQM in terms of their BRST invariant formulations. Section 8 is 
devoted to discussions. In Appendix A, the conventions on BFM is explained. The 
Langevin equation for BFM is derived in Appendix B. Throughout this note, we call 
BFM in the SQM approach as "stochastic BFM " . While we refer to BFM in the 
path- integral approach as "conventional BFM ". The adjective "standard "means 
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that both approaches, SQM and the path-integral approach, are supposed without 
BFM. 



2. Stochastic gauge fixing for SYM4 

In the superfield formahsm, without choosing the Wess-Zumino gauge, the action for 
SYM4 is non-polynomiaL 

S = - fd^xd^9d^9^TT(w''WJ^ie)+WaW'^S^{9)^ . (2.1) 

Here 

Wa = -^^\-''3V D^^2gv ^ ^ lo^^^aV^^e-^^^ . (2.2) 

We use a notation closely related with that in Ref.[^ by the analytic continuation 
to the Euclidean space-time, ix^ = x'^. The superfield V is SU{N) algebra-valued, 
V e su{N) ; V = VHa, [ta,tb] = ifabctc and tT{tatb) = k6ab- For simplicity we use 

Tr = — tr. 
k 

In the non-polynomial form of the action (p.l|) in the superfield formalism. 



in particular, our proposal is presented in an analogy to LGT^ in the context of 



SQM[|l2||T3[. For lattice gauge theories, SQM approach is well-established. |^ There- 
fore, SQM is applied to SYM4 with the following dictionary. 

dynamical field : G U{N), link variable 

^ U = e^^^, vector superfield V, V E su{N) . 
local gauge transf. : f/^ ^ ^^Aix)^^^-iA{x+^,) 

^ e-'^^^Ue'^^, chiral superfields D^A = D^A^ = . 
time development : {5U^)Uj^, Maurer— Cartan form 
^ {6U)U-^ . 

differential operator : Ea, (left) Lie derivative, EaUfj_ = taU^ 

^ Sa, analogue of the (left) Lie derivative . 
integration measure : dU^, Haar measure on U{N) 
^W, analogue of the Haar measure . 



Although U = e^^^ is not a group element, the differential operator £a 

8a{z)U{z') = taU{z')5\z - z') , (2.3) 

and the path-integral measure ^^GVV are constructed in an analogous manner as 
those on a group manifold. Here z = (a;*", 9^, 9a) denotes the superspace coordinates. 
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Thanks to the measure introduced with a non-trivial metric, the partial integration 
with respect to the differential operator holds and the Langevin equation can be 
translated to the corresponding Fokker-Planck equation. The superfield Langevin 
equation for SYM4 is derived by regarding e^^^, instead of V, as a fundamental 
variable||12|| 



— (Ae^^^)e-^3^(T,z) = -pAT2gS(T,z)S + Aw(T,z) , 
2g 

{Awi,{T, z)AwM{r, z'))^^^ = pAT2k(^6ii6jk ~ j^S,,6kiy\z - z') . (2.4) 

Here £{t,z) = ta£a{r,z), and £{t,z)S = ^ (^e^f^^P^VT^ + ^^W") . The opera- 
tor Ly is defined by LyX = [ V, X ] for X in the adjoint representation. P2| The 
time evolution is described in a discretized notation with respect to the stochastic 
time T to allow a clear understanding. {...)aw^ denotes that the expectation value 
is evaluated by means of the noise correlation at the stochastic time r. (3 is in- 
troduced as a scaling parameter of the stochastic time, which is necessary for the 
multiplicative renormalization in SQM. The covariant spinor derivatives are defined 
by Va = e~^^^ DaC^^^ and Pq = e^^^D^e"^^^. The operations of these covariant 
spinor derivatives in the adjoint representation are defined as the commutation or 
anti-commutation relations. This means, for example, that the equations of motion 
are understood as = Vjv"' = We note that the 

reality condition^ implies e^^^^V^Wa = 'D^W"' . Therefore, we discard one of them 
in ( p. 41) in the perturbative calculation. 

By translating the variation Ae^^^ to AV^, the Langevin equation (|2.4|) reads 

AV{t,z) = -/3Ar-^^^^^— + A^^(r,^) , 
A^E{r,z)^Jl^^Aw{r,z). (2.5) 

A^S is a collective noise superfield. This means that we choose the superfield kernel 
(^g2gLv _ l)^^2gLY(l — e~'^^^^)~^2gLv for the superfield Langevin equation. 

The extended ("extended "means stochastic time dependent) local gauge invari- 
ance is defined as follows. We first introduce auxiliary superfields, A and A''", which 
are chiral and anti-chiral respectively, into the Langevin equation by the (inverse) 
local gauge transformation, e^^^ g^sA^gSgVg-jgA^ 'jj-^g^ -we redefine the auxiliary 
superfields as 

$ ^ A , $ ^ At . 2.6 

I3g Lx (3g L^^ 
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AA - — 

Here we denote A = — — . $ and $ are also chiral and anti-chiral, D$ = D$ = 0, 

Ar 

respectively. Then we obtain 

^ (Ae^^^) e-^^"" + 13 At'- (<I - e^^^-^) 

= -P^^^ (^e^'^^^V'Wa + VJV"^ + Aw . (2.7) 

The Langevin equation ( p.7| ) is covariantly transformed under the extended local 
gauge transformation 

^2gV{T,z) _^ ^-igj:Hr,z)^2gV{r,z)^igJ^{T,z) ^ 

^igk{T,z) _^ ^igk{T,z)^igT.{T,z) ^2 

In particular, the auxiliary superfields are transformed as 

-1 • —igL^^ -1 

$ ^ --^ — 1-^—^^ + e"'^^^+ ^ • (2.9) 
P 9 -^st 

In a weak coupling region, ( p.9|) reads, $ ^ $ + — S + 2(7 [$, S] . This indicates 

that the extended local gauge transformation is interpreted as a 5-dimensional local 
gauge transformation for which the chiral and anti-chiral superfields play a role of 
the "5-th" component of the gauge field. We note that the stochastic time has a 
distinct meaning from other 4-dimensional space-time coordinates. Therefore the 
global supersymmetry is the 4-dimensional one. 

The probability distribution, obtained as a stationary solution of the Fokker- 
Planck equation in a specified stochastic gauge fixing is equivalent to the standard 



Faddeev-Popov distribution for SYM4.||T3[ For the perturbative analysis, we choose 



the gauge fixing functions in such a way that the Langevin equation reproduces the 
superpropagator of the vector superfield defined in a one parameter family of covari- 
ant gauges in the path-integral approach. The simplest choices of the Zwanziger's 
gauge fixing functions, $ and are given by 

$ = i^D'^D^V, $ = -i-D^nW . (2.10) 
4 4 

This is the supersymmetric extension of the Zwanziger gauge for YM theory. ^ = 1 
corresponds to the Feynman gauge. 

3. Stochastic action principle 

For the perturbative approach in SQM, we introduce an action principle for SYM4, 
the so-called stochastic action. We will apply BFM to this stochastic action and 
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demonstrate an explicit one-loop calculation to obtain the /3-function for the gauge 
coupling. The stochastic action is defined by the path-integral representation of the 
Langevin equation Here we consider the continuum limit of the Langevin 
equation ( |2.7] ) by taking Ar 0. The noise superfield Aw is replaced to rj. The 
correlation is redefined by 

{r]ij{T,z)r]M{T,z'))j^^ = 2k(3(^6ii6jk - j;^Sij6ki^6{T - t')6^{z - z') . (3.1) 

The integral representation of the noise correlation is given by 

Z = jD7]exp(^ - -^jd^zdTTiri{z,Tf^ . (3.2) 

Then we insert an unity as a device for the Parisi-Sourlas type supersymmetry^]. 
Supposing the Langevin equation of the form, E{V) = r], where E{V) is defined by 
the continuum limit Ar — > of (|2.7|), the device is written by 



1 = jVGVV6(^E{V)-r]yet(^^^^') . (3.3) 

After the integral representation of the (5-functional and integrating out the noise 
superfield r], we obtain 

Z = JVGVVVUexp jdhdrTr (^-(3U^ + iUE{V)^ ) det (^^^) • (3-4) 

Here H is an auxiliary superfield introduced for the integral representation of the 6- 

functional. The factor det^ — expressed as an effective action with auxiliary 

fermionic vector superfields, \E' and that appears to be non-polynomial. In the 
Feynman gauge, ^ = 1, the effective action takes the form, 

jd^zdrTv^i^-^ + 2pn + 0(\/))^ . (3.5) 

This implies that the superpropagator of the auxiliary fermionic vecor superfields is 
a retarded one with respect to the stochastic time. Since it includes a step function 

6{t — t'), the contribution may be evaluated with a prescription to specify ^(0) = -. 

While ( p.5|) also includes 5^(0) in its perturbative expansion with respect to V which 



vanishes in the regular izat ion via the dimensional reduction. |3^ Therefore we 
may discard the contribution, det^ — — j . 



The integral representation (|3.4]) reads 
Z = J VCVVVUe^ , 

K = JdhdrTi [ - /5H2 + zh| ^ (|:^'''') * 

+ ($ - e25^^$) + (e'^^^P^W^, + VJV"^ }] . (3.6) 
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For the extended local gauge invariance of the stochastic action ( |3.6|) , the auxil- 
iary superfield 11 is transformed as 11 — e~*^^^ne*^^^ . This means that 11 is not a 

vector superfield. By a field redefinition, 11 = ^ ^ , ct, we introduce a vector 

superfield, zu = w"^ . The stochastic action ( |3.6| ) is expressed as 

Z = j VVVwe^ , 

^L^iV-W^f + (P^W^) V) }] • (3.7) 
Here we have redefined the scaling parameter P = — — -ll^l Lj' is the inverse of an 



analogue of the Maurer-Cartan one-form coefficient defined by 



VW-Tr(t..^-l3g^t^j. (3.8) 

K^'^Lj' = L^'-Kj' = We have also introduced a metric Gah = K\K% G"^ = 
L^L^ and G = detGat. The path-integral measure, ^/GW, is required for the 
change of the integration variable from {6U)U~^ to 6V. By the change of the inte- 
gration variable from 11 to to, we also need {\/G)^^Vzu. Therefore the non-trivial 
measure cancels out. 

In the last of this section, we comment on the transformation property of the aux- 
iliary field, w, and the extended local gauge invariance of the stochastic action ( |3.7| ). 
The auxiliary superfield, w, is a vector superfield, while its transformation property 
is complicated. The infinitesimal form of the extended local gauge transformation is 
given by 

2 6 2 ^ ' 

Z X h 

5$'^ = - (^nt^'' + gP^'^^^^T.^''^ . (3.9) 



Under this extended local gauge transformation, the stochastic action (3/7) is in- 
variant. Once we fix the gauge by specifying the Zwanziger's gauge fixing func- 
tions with ( p. 101) , the extended local gauge invariance is broken. In the gauge fixed 



stochastic action, it is possible to introduce the BRST symmetry. ||T3 In fact, the 
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stochastic action ( p.7|) and the extended local gauge invariance (|3.9| ) are the super- 
symmetric extension of the YM case where SQM is formulated as a 5-dimensional 
gauge field theory p3 and the 5-dimensional local gauge invariance leads the BRST 



symmetry [36 1 [pYll. In this note, we mainly consider the stochastic BFM without the 
BRST symmetry. The perturbative analysis and the renormalization procedure are 
demonstrated by respecting the background local gauge invariance rather than the 
BRST symmetry. In §7, we extend the BRST invariant formulation of the standard 
SQM to the stochastic BFM for the proof of the equivalence of the sothcastic BFM 
to the standard SQM approach. 



4. Background field method (BFM) for SYM4 in SQM 

In this section, we formulate the stochastic BFM and apply it to SYM4 following 
two steps. (I): We consider the background-quantum splitting of the original vector 
superfield V and the auxiliary superfield fl. There exist two types of the local gauge 
transformations, one is the quantum type and the other is the background one. We 
fix the quantum type and preserve the background one in the stochastic gauge fixing 
procedure. (II): We expand the non-polynomial stochastic action with respect to the 
quantum fluctuations by preserving the background local gauge invariance in each 
order of the quantum fluctuations. The possible counterterms for the stochastic ac- 
tion are obtained by imposing the backgound local gauge invariance. A consequence 
of the Ward-Takahashi identities is also obtained in this context. In the next section, 
we demonstrate the one-loop renormalization of the stochastic action in BFM. We 
also obtain the one-loop /3-function for the gauge coupling. 

We first splitt the original vector superfield V and the original auxiliary super- 
field n in ( p.6|) into their quantum flactuations, V and cc, and their background 
configurations, Q, and 11 respectively, 

n = e^^^n + e^^" zu . (4.1) 

The conventions in the stochastic BFM is summarized in Appendix A. The background- 
quantum splitting for the vector superfield is a conventional one.[^ In particular, the 
background vector superfield V is defined by e^^^ = e^^e^^\ We comment on the 
background-quantum splitting of the auxiliary superfield, II, which is essentially a 
canonical conjugate momentum of the vector superfield V with respect to the stochas- 
tic time. 

Let us consider a background-quantum splitting II = e^^^II + e^^^ro. Under the 
local gauge transformation, the quantum vector superfield V and the background 
superfield Q, are transformed as 
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Here the transformation parameter is a vector superfield K"^ = K. The super- 
fields S and are chiral and anti-chiral, respectively. (|4.2|) is also expressed as 
gS^n ^ g-«9^stg9-^ng«9ix_ (^ggg aigQ appendix A.) The original auxiliary superfield 11 
is transformed as fl — > e~*^^^ne*^^^ = e~*^^stn . Therefore, the background field 11 
and the quantum fiuctuation w are transformed as 

n ^ e-'3^ne'^^ , w e-'^^we'^^ , (4.3) 

under the background local gauge transformation. 

Under the quantum local gauge transformation, the quantum vector superfield 

V is transformed by e^^v _^ ^-ig^^ ^2gv ^igi: _ YLem = e^f^^St ( S = e^^n^t ) is a 
background anti-chiral ( chiral ) superfield defined by PqS^ = ( "DaS = ), where 
T>a and T>a are the background covariant spinor derivatives defined by ( [A.6|) . While 
the background fields f2 and VL^ are invariant, which implies 

n ^ e-'^^^m , w e-'^^^^w . (4.4) 

This indicates that the quantum fiuctuation w is not a vector superfield. 

Since we prefer to choose the quantum fiuctuation as a vector superfield which 
is the canonical conjugate momentum of V , we introduce a vector superfield w by 

the redefinition, w = ^—^——zu, as we have done in (p^). Under the background 

\ — g^^fi'^V ' ' 

local gauge transformation, it is transformed as 

w e-'^^uie''^ . (4.5) 

On the other hand, under the quantum local gauge transformation, its transformation 
property is complicated. In the infinitesimal form, the vector superfields V and w 
are transformed as 

6wa = -'-d^L^w.-E" + ^St's.V^, . (4.6) 

Here the transformation property is derived from the original transformation given 
in ( |3.9|) . We notice, in (|3.9| ), the transformation is defined for the original superfields, 

V and UJ, and the transformation parameters must be understood as S and in 
the notation of this section. Therefore, the background local gauge transformation 
is given by simply replacing (V^, w, S, S^) (V, zu, S, S^) in (|3.9|) . 

As explained in Appendix B, the auxiliary superfields for the Zwanziger's gauge 
fixing functions, $ and $, are also redefined in such a way that they are background 
covariantly chiral and background covariantly anti-chiral 

(J) = ef^ot<| ^ = g-9^n|. . (4.7) 
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$ = $t implies (p = cj)^ . These superfields satisfy the backgound chiral and anti-chiral 
conditions. 

Vo^cf) = Vo,(t) = . (4.8) 
They are simply transformed under the background local gauge transformation 

e-'^^^e'^^ . (4.9) 

The transformation property under the quantum local gauge transformation is de- 
termined from (|3.9|) by replacing, ($, $, S, S^) {(f), (f), S, S^), 

50" = - (2fi:r',St" + gf^^^^^i:^') . (4.10) 

Here we have introduced the background covariant derivatives with respect to the 
stochastic time, V^- and V^- defined by (|A.18|) . 

The quantum local gauge invariance, ( [4.6|) and (|4.10| ), is broken by the following 



background local gauge invariant stochastic gauge fixing procedure. We fix the gauge 
by specifying the Zwanziger's gauge fixing functions, and 0. They must be invariant 
under the background local gauge transformation. The possible extension of the 
standard Zwanziger's gauge fixing functions (|2.10D is almost uniquely determined 



from the conditions, ( [4. 81 ) and = 0', and the transformation property ( |4.y| ), as 
follows. 

= t^V^V^V , 
4 

= -i^V^v'^V . (4.11) 

Even after the gauge is fixed, i.e. the Zwanziger's gauge fixing functions are specified 
by (f4.11|) , the stochastic action is background local gauge invariant, provided that 



the parameters of the background local gauge transformation are restricted to be 
stochastic time independent 

K = ± = ±^ = . (4.12) 

The condition also implies VrT, = P^S^ = 0. 

By substituting the definition of the background-quantum splitting ( ^4.1| ), and 
using the conventions described in Appendix A, (pj.6D reads 



VVVwe^ 
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K 



d zdrTi 



1 f n + - 

2k V 1 



-w 



2gL 



V 



-ZU 



1 / d 
2^\Jt 



-2gV 

2g\ ^ 



I 

An 



1 



Ang 



(4.13) 



Here we have defined V' 



^ d , ^/ ^ d 

- — and V^ = Vr- — 
dr dr 
stochastic time independent background local gauge transformations 

and 



. This is invariant under the 

3), (El), 

with the condition, ( |4.12| ). In the following, we only consider the 
background local gauge invariance in the restricted sense, i.e. the stochastic time 
independent one ( [4.12|) . 

For the perturbative analysis, we expand the stochastic action ([4.13|) with respect 
to the quantum vector superfield V and its canonical conjugate momentum w. The 
0-th order terms with respect to zu and V provide a "classical "stochastic action for 
background fields. 



drd zTt 



1 

2k' 



I 

2^' 



d 

dr 



—W + — n( {—e3^')e-^^' + e-5^(4^e^^~ 



d 

dr 



Aug 



n({V", Wi'^ + {V^, .(4.14) 



The classical stochastic action is, of course, invariant under the background local 
gauge transformation. As we discuss later, this classical action defined by the back- 
ground fields also determines possible counterterms for the renormalization proce- 
dure. 

The first order terms with respect to w and V may provide the field equations 
for the background fields fl, and 11 in a conventional sense. 



in + ^f(Ae.-^' 

K 2gVdT 



^dr 



Ang 



d ^ 

dr 



n, 



dr^ ' ^ 16k V 



n 



8k 







(4.15) 



In the conventional BFM, in particular to discuss the S-matrix in this context, equa- 
tions of motion are assumed for the background fields[0]. In the stochastic BFM, 
however, it is difficult to extract the S-matirx from the effective stochastic action 
which is a generating functional of the 1-P-I vertices of the connected stochastic 
Feynman diagrams. Therefore, in a precise sense, we do not assume the field equa- 
tions ( 4.15| ) for the background superfields in order to define the generator of the 
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1-P-I vertices from the connected stochastic Green's functions in a standard manner. 
In §6, we define a reduced form of the effective stochastic action TiV ,11) in 
the stochastic BFM by taking the vanishing hmit of the expectation values of the 
quantum superfields, V = w = 0. It is shown that the effective stochastic action 
in this hmit, r(0, 0,V,n), is equivalent to the standard effective stochastic action 
defined in an unusual stochastic gauge fixing. 

The second order terms with respect to zu and V provide the kinetic term which 
defines the superpropagators 



(2) 
free 



drd^zTr 



2k 



+ iw^V 



1 ^')^^OC 



8k 



D^D^D V 



16k, 



V 



(4.16) 



and the interaction terms relevant to the one-loop perturbation, 



(2) 
int 



K 



igu[[V, V 



V 



[V, [V, V'^]] + ^[V, 



+-{ [ V, v^v ], w""^'^ } - ^{ v^v, v'v^v } + ^v^v'i V, 

K 4:K QK 



-\-iw 
1 



^ 2 - - C 2 

Here we have defined cp' = (p — i-D D^V and cf)' = (f) + i-D^D V. 



(4.17) 



(2) 

The kinetic term K^^^^ defines the superpropagators 



(2) 
free 



drd zTi 



^—w^ + iw{V--DV + 
2k 



V 



K 16/t V J ' 

In the Feynman gauge ^ = 1, we obtain the simplest forms of the superpropagators 
as follows. 



{w''{t,z)w\t\z')) = , 
{V'^{T,z)w\r',z'))^S'^' 



{V^{t,z)V\t',z')) 



{iui + k"^ / k) 

gab 



s\e - e')5\e - e') , 
1 



K {iijj -\- k"^ / K){—iu -\- k"^ / k) 

Here we have suppressed the momentum integration, fi^kdLo{2w)~^e^^'''^'^">^'^''''^~'^"> 
. For the one-loop renormalization in the stochastic BFM, we determin the possible 
counterterms by the background local gauge invariance and the dimensional analysis. 
We note 



-1, [r] = r 



1 

'2' 



[r] = -2, = [V, 



, [V,] = [D,] = 2 , 



m = [Qt] ^ [V] = 0, [n] = 2, = [wf] = I . 



(4.20) 
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The derivative with respect to the stochastic time must appear as the covariant 
derivatives T>r and Vr. If we assume in general the possible counterterms as 



{ny{v,)\v,r{v^y{v^Y{w^^^)y{wiy , (4.21) 

we obtain a condition 

1 3 

2{p + q + r) + -{s + x) + -{y + z)=A . (4.22) 

From the retarded nature of the superpropagator, (Vw), the relevant stochastic 
Feynman diagrams include at least one background auxiliary superfield, 11, as the 
external line. Therefore we have only three cases. 

p = 2,n\ 

p = l , g = 1 (or r = 1) , VrU , Vrii , 

p = 1 , s = y=l{oix = z = l), WW^^ , nPiW"^°^ . (4.23) 

The reality condition indicates that V^Wa^ = VaW°'^^\ In the case, p = 1 , s = 
2 , a; = 2, we would have 

VaV'V^VaU , V^V'^U , V'^V'^U . (4.24) 

However, the covariant spinor derivatives, Va and Va, must appear as V^Wa, VaW", 
W^Vall, Wal^^n and its anti-commutator, Vm, which leads V"^Vm^ in the per- 
turbative calculation with the covariantized D-algebra [piJ| . Since V^VmXl must not 
appear because its leading term is the remaining terms are reduced to ( |4.23| ) 
by partial integrations. The covariant derivative term with respect to the stochastic 

time must be (Vt — 'Dr)Tl , because —11 does not appear. Finaly we arrive at the 

dr 

following counterterms. 

+zc3n({D^ lyW} + {V^, . (4.25) 

We show by the power counting argument that these counterterms are sufficient to 
cancel the ultra-violet divergences in all order of the perturbation in the last of this 
section. ( |4.25| ) is nothing but the classical stochastic action for the background fields 
( [4.14| ). By multiplicative renormalizations 



Vbare — V Zy\ , Ilbare — V Zu^. , (^barc — ZgQ , Kbarc — Zi^K , (4.26) 
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the classical action for the background fields is redefined as 

i^W = [dTd'zTif Z-'Zn—U^ + Z-iv^-nf(4^e^^')e-s^' + e-^^(4^e^^ 
J \ 2k ^ 2g \ dr dr 

-Z-'Z^'^^n(^{V-, } + .(4.27) 

Here we have used the following Ward-Takahashi identity 

Zgy^ = 1 , (4.28) 



which ensures flhare = VZyQ and fib^rc ~ \/ Zy^'^ ■ This is a consequence of the 
background local gauge invariance of the stochastic action ( |4.27| ) and a well-known 



relation in the path-integral approach. By expanding this classical action with respect 
to the background fields in the gauge f2 = = V, we obtain 

= jdrd^zTi (^Z-^Zn^n'^ + i^/Z^UV 

+Z-WZuZv^nD^D'D^Y + . (4.29) 

QK J 

The renormalization of the gauge parameter ^ is not necessary for the one-loop 
perturbation. For higher loop calculation, we introduce the renormalization constant 
for the gauge parameter ^bare = Z^'^. 

5. One-loop perturbation in the stochastic BFM 

The perturbative calculation is drastically simplified by the background local gauge 
invariance. We employ the regularization via the dimensional reduction |^8||3^ which 



preserves the global supersymmetry as well as the background local gauge symmetry 
in the superfield formalism. In the dimensional reduction, the so-called D-algebra is 
carried out in the four dimensional sense. After reducing the co variant spinor deriva- 
tives into their anti-commutator except four spinor derivatives, DaDi^DaD^, which 
are necessary to eliminate 6^{6)S'^{6), the momentum integration is performed by the 
analytic continuation to d dimensions. We here use the standard Z)-algebra|p in the 
explicit calculation instead of the covariantized one|TT[]. There must be at least four 
covariant spinor derivatives, DaDpDaD for non- vanishing contribution. At first we 

note that, in the one- loop calculation, the contribution of {K^J^) is finite in the reg- 
ularization via the dimensional reduction. The possible contribution to divergences 
begins from {kI^IkIII). In the stochastic BFM, by assuming the background local 
gauge invariance, it is not necessary to evaluate all the possible diagrams. In order 
to simplify the calculation, we only pick up the lowest order in the expansion with 
respect to the background fields. This means that the stochastic Feynman diagrams 
inlcude at most two background fields as the external lines. 
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By the expansion with respect to the backgound fields, the interaction part of 
the stochastic action (|4.17| ) is reduced to 

^(2) = [drd'^zf i^n -V XW + ^-^(T™^"cc7 ■ {d^[ D^, ]V) x V 
J \ K 4k ^ 

.([D^, D6 ]V) X d„^V - -tu ■ X D^V + -w ■ Wf X D^V 

-gU -V xV + — n • V X ifD'^V + — n ■ 'D^V X D'^Wv 
8k Ak 

-l-Il-D^D\VxWV)] . (5.1) 

Here A-BxC = f'^'-A'^B^C^. 

Amang the possible stochastic Feynman diagrams, 12 diagrams are non-trivial. 
In these non-trivial diagrams, 8 diagrams are found to be finite. Only the remaining 
4 diagrams contribute to the ultra-violet divergences. In the dimensional reduction, 
the regularization of the momentum integration is the same as the conventional 
dimensional regularization. The typical regularized integrals are evaluated as 

1 fd'^kduo 1 



K J (27r)5 {iuo + k"^ / K){-iuj + k'^ / k) 

1 5^"" 
X k^^k" = - T 

{t{u; -X) + {k- qf/K) {-i{uj - A) + (fc - qY/K) A ' ' 

y.'^kduj —1 i 

(27r)5 {iuj + k^/K){-iuj + P/k) {-i{uo -\) + {k- qY/K) ^ ' 



/. - lil^r-m . (5.2) 

where e = 2 . We note, in the regularization via the dimensional reduction, the 

2 ' 

renormalization constants (f4.26|) are redefined as ^^bare = f^'^^^gg and Kbare = Zi^k. 
Namely, /tbare is dimensionless. 

The result for the one-loop divergences is given by 

r^'^(v, n) 

= JdTdhTT(2C2iG)I,^U^ + AtC2iG)h^U{D^, . (5.3) 

The expression may be covariantized to be invariant under the background local 
gauge transformation 



r'^'"(v, n) 



''dTd'zTT(^2C2{G%^U^ + AtC2{G)h^U{V^, w"^'^}^ 



(5.4) 
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A remarkable observation in the one-loop divergence ( ^.41) is that the derivative 
term with respect to the stochastic time, IIV, is not renormalized in the one-loop 
level. By comparing this result to the counterterms in ( [4.27] ), the renormalization 
constants satisfy 



V^y^n - 1 = 



This reads 



K 

Z-WZvZn-l = 8C2(G)/,^ . (5.5) 



2^2(G)1 



(47r) 
(47r)2 e 

3 2^2(^)1 



Z.^l-Vpi. (5.6) 

The result for the wave function and the gauge coupling constant coincides with that 
given in the conventional BFM. This leads the well-known one-loop /3-function for 
= 1 SYM4 without chiral matter multiplets. 



'3(f) = ■ (5-7) 

In addition to this gauge coupling /3-function, in SQM, we obtain the other 
/3-function for the scaling parameter of the stochastic time, k 

Ms) = -4/^ . (5.8) 
We also list the anomalous dimensions of the wave function renormalizations. 

lv[g) = -3^ T7Z^ ' 



(4vr) 

7n(^) = +3.^^ . (5.9) 

In the conventional BFM, the Faddeev-Popov prescription requires a Nielsen- 
Kallosh type ghost in addition to the Faddeev-Popov ghost. Furthermore, due to 
the non-renormalization theorem, the vector loop does not contribute to the self- 
energy nor to the three-point function of the vector mutiplet in the one-loop level. 
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Therefore the contribution to the self-energy of the vector multiplet only comes from 
the Fddeev-Popov and the Nielsen-Kallosh ghosts. In this respect, the stochastic 
gauge fixing procedure in the stochastic BFM simulates the contribution from both 
the Faddeev-Popov and the Nielsen-Kallosh ghosts in the one-loop level. On the 
other hand, in the standard SQM approach, the stochastic gauge fixing procedure for 
SYM4 reproduces the Faddeev-Popov probability distribution given in the standard 
path-integral of SYM4 for which the Nielsen-Kallosh ghost is not necessary] 13]. The 



stochastic gauge fixing procedure is introduced by adding the generator of the local 
gauge transformation in the time evolution equation of observables in such a way 
that the time evolution of the local gauge invariant quantities does not depend on 
the Zwanziger's gauge fixing functions. Therefore we expect that the background 
local gauge invariant choice of the Zwanziger's gauge fixing functions reproduces the 
probability distribution given in the conventional BFM which requires the Nielsen- 
Kallosh ghost. The one-loop result supports this conjecture. To confirm it more 
precisely, we give a proof in the next section on the equivalence of the stochastic 
BFM to the standard SQM in terms of the effective stochastic action which is a 
generator of the 1-P-I vertices. In §7, we also discuss this equivalence in terms of 
the BRST invariant formulation of SQM. Since the standard SQM is equivalent to 
the Faddeev-Popov prescription in the standard path-integral approach, the proof 
may explain the reason why the stochastic BFM reproduces the contribution of the 
Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost in the same reliablility as 
that the Faddeev-Popov prescription in the conventional BFM is equivalent to the 
standard Faddeev-Popov prescription. 

In the last of this section, we comment on the renormalizability of SYM4 in 
the SQM approach. The power counting argument is essentially the same as given 
in Ref.||l3|. The estimation of the divergence of a stochastic Feynman diagram 
G{V, I , E), which consists of V vertices, / internal lines, E external lines and L = 
I — V + 1 loops is as follows. Precisely, the stochastic Feynman diagram is specified 
by the following quantities, 

I = Ivvj + Ivv^ E = Eu + Ey- 
Eji : ^ external lines of 11, E^ '■ # external lines of V 
Ivm '■ # internal lines of {Vzu), lyv '■ # internal lines of {VV) 
^i,n '■ # vertices with ti7(or 11) and n V{ot V), 
^2,n : # vertices with two zu{ot 11) and n V{ot V). (5.10) 

We have also topological relations 

XI ^(^1," + ^2,n) = 2Ivv + Iv^ + ^v, ^(V^i.n + 2^2,™) = Iv^ + En (5.11) 

n=2 n=2 
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The degree of the ultra-violet divergence of the stochastic Feynman diagram G{V, I, E) 
is given by 

4L - 2Ivv -21 + 2(^ Vi,„) =4-2En. (5.12) 

n=2 

From the degree of the divergence, the following types of counterterms, which 
must be invariant under the backgound local gauge transformation, are necessary to 
cancel the divergences. 

Eu = 2, logarithmic divergences two 11 and infinite number of V; 

n2 . 

Eu = 1, logarithmic divergences — >■ one 11 and infinite number of V; 

{v,-Vr)n, n{P", [v^, {v\ pj]}, ... 

Eu = 0, no relevant stochastic Feynman diagrams. 

This power counting argument is consistent to the previous argument based on the 
dimensional analysis. The symmetry requirements given in the previous section is 
sufficient to specify the counterterms which cancel these divergences. In particular, 
for the Eu = 2 case, the backgound vector superfield V ( or and ) must appear 
as the covariant derivatives P^, V^, and in the stochastic BFM. Therefore 
the possible counterterm for Eu = 2 is only Trll^ on dimensional ground. The 
divergence for the Eu = 1 case is also reduced to the logarithmic one due to the 
background local gauge invariance. Hence we conclude that SYM4 in the superfield 
formalism is renormalizable in the stochastic BFM by means of the stochastic action 
principle. 



6. The equivalence of the stochastic BFM to the standard 
SQM for SYM4 

In this section, we give a proof on the equivalence of the stochastic BFM for SYM4 
to the standard SQM. The argument here is based on that given in the conventional 



BFM0[42]. The relation of the stochastic BFM to the standard SQM is clarified 



in the Yang- Mills case[B3]PU[. A slightly improved point of our stochastic BFM 



formulation in comparison with the Yang-Mills case[^] is that we have introduced 



the backgound superfield 11 for the auxiliary superfield w as well as for the vector 
superfield V. As we have shown in the previous two sections, it is necessary to 
obtain the manifestly background local gauge invariant counterterms. In terms of 
U = e^^^, the structure of SYM4 is similar to that of non- linear cr-models. In applying 
the stochastic BFM to non-linear a-models, we also need a background field for the 
auxiliary field, a canonical conjugate momentum of the dynamical field, to generate 
general coordinate invariant counterterms for the renormalization of the stochastic 
action! 
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Let us define a generating functional of connected stochastic Green's functions 
in the standard SQM 

K,^ = j(fzdTTi{JyV + J^w) . (6.1) 

Here the stochastic action Kiy ^w) is defined in ( p.7|) . The one parameter family 
of covariant gauges is defined in terms of the Zwanziger's gauge fixing functions 
( |2.10|) . The effective stochastic action, which is a generator of the 1-P-I vertices in 



the connected stochastic Feynman diagrams, is defined by 

Tiy, w) = W- k^^zdrTiiJyV + J^w) ^ V = —- , w = -— . (6.2) 
J dJy dJ^ 



The stochastic Ward-Takahashi identity is expressed as r(V^,0) = 0.|^ It is also 



possible to derive the Ward-Takahashi identity for the BRST symmetry by introduc- 
ing the BRST invariant stochastic action and the additional external sources coupled 
with the variations of the BRST transformation JTsf by applying the argument given 



for the YM case 35 



We also define a generating functional of connected stochastic Green's functions 
in the stochastic BFM. 

i^ex = jd^zdTTi{JvV + J^w) . (6.3) 



Here the stochastic action K{y,w,VL,VL\YVj is defined by ( |4.13| ). The background 



local gauge invariant stochastic gauge fixing is given by ( [4.11| ). The corresponding 
effective stochastic action is defined by 

T{v, w, n, n\ n) = w- ifzdTi:i{JvV + j^w) , v = , w = -— . (6.4) 

J oJv oJ^ 

With these definitions, what we will show in the following is that the effective stochas- 
tic action in the stochastic BFM (|6.4| ) is equivalent to the standard definition (|6.2|) , 



f(o,o,^] = ^]t = v,^) = ^(\/,^)_ g,Lv_e-,Lv , (6.5) 

y=V,ro= n 

up to the difference of the Zwanziger's gauge fixing functions and the redefinition of 
the background ( or external ) auxiliary superfield. Namely, in the r.h.s. of ( |6.5| ), 
the effective stochastic action is evaluated with the gauge fixing functions different 
from that given in (2.10). 
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The stochastic action ( 4.13| ) in the stochastic BFM is obtained from the original 



stochastic action (|3.6|) except the Zwanziger's gauge fixing functions 



-w 



1 _ Q-'^gLy 



We write the non-hnear transformations ( |6.6|) from the original superfields to those 
in the stochastic BFM as 

y = /(l^,V) = l^ + V + ..., 

ti7 = /i(ti7,i/,n,v) = ro + n + ... . (6.7) 

Here we have chosen the gauge i7 = = V. We note that the functions, / and 
satisfy 

/(0,V)=V, f{V,^) = V 

/i(o,o,n,v) = ^ ^ ~^ — ^n, V, 0, 0) = . (6.8) 

To show the equivalence, we introduce external source terms 
^Jd^zdrTrl^JyifiV^V) - /(O, V)) 

+JM^, V, n, V) - h{o, 0, n, v))) , (6.9) 

and redefine the generating functional for the stochastic BFM 

Z'iJy, V, n) ^ e'^'^"-^-'^'") ^ yPV^Pt<7e^(^'-'^=^'=^'n)+^^'^ . (6.10) 

By changing the integration variables with the inverse transformations of / and h, 
V = f-\V,V) and zu = h-\w,V = /"^(V, V), H, V) respectively, the stochas- 
tic action K{V, w,Q = Q'^ = \, 11) becomes the original one K{V, w) except the 
Zwanziger's gauge fixing functions. The Jacobian due to the changes of the integra- 
tion variables is trivial[Q. The change of the integration variable may induce the 
following Zwanziger's gauge fixing functions in KiV ^ w) instead of the standard one 



$ = i^e-3^n^v'^V'^f-^{V, V) = i^e-3^^^V^V'^{V - V + ...) , 

t = -de3Lnjy2^^j^-l^y^ y) _ _^ie3^"I?2p^(V^ - V + ...). (6.11) 

Since the time evolution of the local gauge invariant observables does not depend 
on the choice of the Zwanziger's gauge fixing functions in the standard description 
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in ( |6.1|) and (|6.2|) , it may be safe to say that the expectation values of the local 
gauge invariant observables evaluated with these unusual Zwanziger's gauge fixing 
functions ( |6.11| ) are equivalent to those in the standard one ( |2.10| ). This means 
that the expectation values evaluated in ( |6.1|) with ( |6.11|) is independent from the 
background fields. 

Under the change of the integration variables, the external source term is simply 
reduced to 



k'^, = d^zdrTi (jviV-\) + J^{w 



-9L\ 



2gLy 



n 



(6.12) 



In the limit of the vanishing external sources Jv = Jvo = 0, we find Z' Z. This 
means that the expectation values of local gauge invariant observables evaluated in 
Z{0, 0, V, n) in the stochastic BFM must be the same as those given by Z(0, 0) with 
( |6.11D , where Z{0, 0) depends on the background fields only through the Zwanziger's 
gauge fixing functions ( |6.11 ) which does not affect to the expectation values of the 
local gauge invariant observables. 

For Z', we also introduce the effective stochastic action 



w' - k^zdTi:i{JvV' + j^w') , v' = ^ 

J dJv 



w 



5W' 



(.6.13) 



By definition, we obtain V' = f{V, V) - V , w' = h{w, V, H, V) - ■ 



-9L\ 



n 



Therefore V = to = implies V' = w' = 0. While, keeping in mind the equivalence 
of Z' to Z with ( p. 11 ), we find 



V = f{V,Y) , 



(6.14) 



Here we also note that V and zu are defined in ( |6.2|) with (|6.11|) . Therefore, in the 
limit V = w = 0,we have f'(0,0, V,n) = f(0,0, V,n), and 



f'(0, 0, V, n) = - Jd^zdrTi ( Jy V + J, 



ogL\ 



-gL\ 



g9^v Q—gL-v 



y=V, ro= 



2gLy 



2gLv 

n 



n 



(6.15) 



This shows the equivalence of the effective stochastic action in the stochastic BFM to 

the standard one with the gauge ( |6.11D up to the redefinition of the external auxiliary 

f>gL-v Q—gL-v 

superfield, w = 11. We note that, in this redefinition of the background 

2gLv 

auxiliary superfield, the difference of a factor e^^"^ in comparison with ( |6.6| ) comes 
from the choice of the gauge i7 = fi"'' = V as shown in ( |A.17 ) and ( A. 20 ). 
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Here we have shown that the stochastic BFM in ( |6.3|) is equivalent to the stan- 
dard SQM (|6.1| ) with the unusual gauge fixing (|6.11|) . In (|6.1|) , the probability 
distribution reproduces the standard Faddeev-Popov distribution in the equilibrium 
limit. On the other hand, the conventional BFM for SYM4 is equivalent to standard 
path-integral method. Therefore the proof explains the reason why the background 
covariant choice of the Zwanziger's gauge fixing functions ( ^.111 ) simulates the contri- 
butions of the Nielsen-Kallosh ghost as well as the Faddeev-Popov ghost introduced 
in the conventional BFM. 

In the proof of the equivalence in this section, we have used the fact that the time 
evolution of the local gauge invariant observables does not depend on the stochastic 
gauge fixing procedure which implies that the expectation values of such observables 
evaluated in ( |6.1| ) with ( |6.11| ) are independent from the background field, because the 
background field dependence appears only in the stochastic gauge fixing functions 
( 16.111 ). One might suspect that the background field dependence of the stochastic 
gauge fixing procedure causes non-trivial background field dependence on the expec- 
tation values. In order to confirm the background field independence, in the next 
section, we discuss this issue in view of the BRST invariant formulation of the SQM 
approach. 



7. BRST symmetry in the SQM approach and the background 
field independence of the expectation values of observables 

In the last of this note, we add a brief discussion on the BRST symmetry in the 
stochastic BFM. At first, we recall the following fact. In the standard path-integral 
approach, the existence of the BRST symmetry is necessary in a gauge theory for its 
unitarity of the S-matrix as well as its renormalizability, though it is not a sufficient 
condition. This is also true for the conventional BFM. The S-matrix elements can 
be constructed from the effective action (i.e., the generator of the 1-P-I vertices) 
in the conventional BFM. [^] The BRST symmetry is also useful to prove the 
renormalizability and the background gauge equivalence |^6| of the effective ac- 



tion rigorously in this context. By contrast, in the standard SQM applied to the 
gauge theory, the stochastic action K and the effective stochastic action F defined in 
( |6.2D are not directly related to the S-matrix. The BRST symmetry in terms of the 
stochastic action ensures its renormalizability, however, the unitarity is not directly 
related with the BRST symmetry of the stochastic action. It is the stochastic gauge 



fixing procedure that assures the unitarity. pO[ ||2T||2^ [^] In a perturbative sense, 
this comes from the decoupling of the FP ghost, which is introduced in the BRST 
invariant formulation of the standard SQM approach, generally occured in the so- 
called "fiow gauges" that is a non-covariant gauge in the sense of the 5-dimensional 
"Lorentz covariance" . [0 P3 The FP ghost does not contribute to the renormal- 
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ization of the gauge field sector. In spite of this decoupling of the FP ghost, the 
BRST symmetry is useful in applying the field theoretical techniques, such as the 
arguments in terms of the Ward-Takahashi identities, to the SQM approach. In 



this respect, although it is convenient to respect the background local gauge invari- 
ance in the stochastic BFM for the perturbative analysis of SYM4, it is worthwhile 
to discuss the BRST symmetry in this context. 



For YM case, the BRST invariant formulation of SQM[35||36]|37] has been used 



in Ref . [p9[1 to prove the equivalence of the stochastic BFM to the standard one. 
We extend this argument to SYM4 and verify the background field independence of 
the correlation functions or expectation values of local gauge invariant observables 



evaluated in the standard SQM approach with the unusual gauge fixing ( |6.11D in the 



BRST invariant formulation. It is shown that the partition function defined in the 
stochastic BFM for SYM4 is equivalent to the standard one up to a BRST exact 
term in view of their BRST invariant formulations. This also completes the proof 
given in the previous section. 

In the SQM approach for SYM4, the BRST symmetry is defined from the 5- 
dimensional local gauge symmetry ( |3.9|) .p!3| The consistent truncation of this 5- 
dimensional BRST symmetry is carried out by integrating the auxiliary superfields, 
$ and 5>, and Nakanishi-Lautrup superfields. Then, we obtain a truncated BRST 
symmetry in an extended phase space | (\/'^, ?z7a), (c", c' ), (c",c")|. It is defined by 

Wa"^ = -A| [cxc]\ 
5brstc" = -A|[c X cf , 
5brstc1 = \{-\d'){^w,L\) - \g[c x c\ , 

WSl = -K-\d'){\K'^,) - m X <!]a . (7.1) 

We note that this truncated BRST transformation is nilpotent. It preserves the 
chirality of the superfields: Dc = Dc' = Dc = Dc = 0. The truncated BRST 
invariant stochastic action is reduced from the 5-dimensional extended one as 

^BRST = J VVVwVcVc'VcVce^''^''^ , 

i^BRST = Kq + i J(fzdTc^c + i JcfzdrCg^c 

+|: ld'zdT6'^^,^{-iD'V^ + c'^D'V^) . (7.2) 
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Here 5brst = A^gj^grp, d^z = d'^xcPO and d^z = d'^xd'^9. Kq is defined by the stochas- 
tic action ( p.7|) except the stochastic gauge fixing term, which is included in the 



BRST exact part in ( [7.2[ ). The BRST invariance of this truncated stochastic action 
-^BRST is manifest because of the invariance of the derivative terms with repect to 
the stochastic time: 5brst| jd^zdrWaV + jd^zdTc'^c+ jd^zdrcj: | ~ 0- Since ( |7.2| ) 
can be regarded as a Legendre transformation, the canonical conjugate momentum 
of the FP ghost c (c) with respect to the stochastic time is c' (c'). 

The expression (|7.2| ) is useful to discuss the possibility of another choice of 
the Zwanziger's gauge fixing functions. For example, we may choose the gauge 

fixing functions, $ = i^D &V and $ = —i^D^V V , which are allowed on di- 
mensional ground. Furthermore, the weak coupling limit g ^ is equivalent to 
( |2.10| ). For these gauge fixing functions, the BRST exact term in ( |7.2| ) becomes 

^ /rf®Z(ir5BP{grp(— c^D V"" + c'^V'^V"') . Therefore, though the gauge fixing term gen- 
erates the new interactions, we conclude that the correlation functions of the local 
gauge invariant (i.e., BRST invariant) observables are the same as those evaluated 
in (^). 

The superpropagators for vector superfields V and w are given in ( [4. 191 ). For 
the Faddeev-Popov ghosts, we obtain 

{nr,z)c^\T\z')) = -I \ (-\D)b\e-e')b\e-e') , 

[luj + I K) 4 

r (r, V, z )) = -^^-^^^i-\D')S\e - 9')5\e - 9') . (7.3) 

Here, we have suppressed the momentum integration Jd^kdiu(2TT)~^e^^'^^~^''^'^^^^'^~''^'K 
We have also defined the covariant derivatives = da — cr^a^°'^m and Da = —da + 
OaCr^a^m- We uotc that the superpropagators for FP ghosts are retarded one. In the 
perturbative analysis, as we have already mentioned on the FP ghost decoupling in 
the stochastic gauge fixing procedure, this means that the FP ghost loops do not 
contribute to the renormalization of the vector superfields sector, Ko in (|7.2|) . 

The BRST invariant formulation in terms of the stochastic action principle is 
renormalizable which can be shown by the arguments based on the power counting 
and the Ward-Takahashi identities, which are derived from the Parisi-Sourlas type 
hidden supersymmetry in (^), the BRST symmetry ( [7.1D and the scale invariance 
of the FP ghosts 

c^e^c, c' ^ e-Pc', 

c^ePc, c ^ e-Pc. (7.4) 

The power counting of the stochastic Feynman diagrams generated by ( [7.2|) is similar 
to what we have explained in ( ^.12|) . The degree of the divergence is given by 

A-2E^-^{E, + E,, + E-, + E-,,), (7.5) 
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where E^, Ec, Ec', Ec and Ec' are the numbers of the external auxihary vector 
superfield and the FP ghosts: cc, c, c', c and c', respectively. Therefore, the stochastic 
action ( [7.2| ) is multiplicatively renormalizable by the renormalizations of the wave 
functions and the coupling constants, g and k.\T^ 

It is straightforward to define the BRST symmetry in the stochastic BFM. We 
make changes of the integration variables in ( |7.2| ) by ( |6.7] ) (or equivalently, ( |6.(j| )) for 
V and w. The changes of the integration variables for the FP ghosts in ( |7.2| ) are 
also carried out by 

a' ^ e'^^V'e^^' , c ^ e^^c'e-s^ . (7.6) 

Namely, the chiral FP ghost superfields c and c' are replaced to the background chiral 
superfields c and c', and the anti-chiral FP ghost superfields c and c are replaced 
to the background anti-chiral superfields c and c'. This is a consequence of the 
quantum local gauge transformation ( |4.(j| ). We also note that we do not consider the 
background fields for the FP ghosts, c, c', c and c . For the definition of the stochastic 
BFM, in addition to these changes of the integration variables, the stochastic gauge 
fixing term must be specified so as to be invariant under the background local gauge 
t r ansf ormat ion . 

The BRST transformation for the stochastic BFM is defined by 
^brstV^'^ = -A^LV' + A^cV, 

(^BRST^^a = ^-daL^jjZUcC - X-C daL^^'Wc , 
<^BRSTC'^ = -A|[CXC]^ 
feRSTC'^ = -A| [CXC]% 

5brstc'. = A(-^P^)^((e-2^^-n), + w^L'^i - \g[c x c'], , 

^BRSTcl = -X{--V')'-{U, + L>,) - \g[c X c'], . (7.7) 

This is deduced from the 5-dimensional BRST transformation by the consistent trun- 
cation with the background-quantum splitting in the stochastic BFM. We also define 
the BRST transformation of the background fields. The background fields Vt and Vt^ 
are invariant while 11 is transformed as an adjoint matter by ( [4.4|) under the quantum 
type local gauge transformation. Thus we define 

^BRST^a = (^BRST^I = , 

(^brstH^ = -A(7[cxn], . (7.8) 

The BRST transformation, ( [7.7|) and (|7.8|) , is also nilpotent. It preserves the chirality 
of the superfields with respect to the background field: Vc = Vc' = T>c = Vc' = 0. 
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The corresponding BRST invariant stochastic action is given by 



^BRST 



^BRST = Ko + i jd^zdrCaVrc'' + i jd^zdrc^Vrc" 

+ £ ld'zdT6'^^,^{-c'^&V- + c'aV'V^) . (7.9) 

Here 5brst = -^(^brst- defined by ( |4.13| ) except the stochastic gauge fixing 

term, which is included in the BRST exact term in ( [7.9| ). For the BRST invariance 
of -R'brst in ( |7.9| ), we note 

«brst{ jdOzdriKjUt + tu.) (v' + ^VK' - Yg'^'iP'f) 

+ /.W„Ac« + /<f*4D.c-}^0. (7.10) 

The BRST exact part in ( [7.9|) is decomposed as 

^ ld'zdTS'^^,^{--c',&V^ + c'^V'V^) 

-• ^ jd^zdrWai^L^^V^V^V'' + L^V^V^V'"'^ 

^ jd^zdTnafv^&V + {e^3Lv'p2jy2yy^ 

+|: Jd'zdr{ - '-{-c'^& - c:V'){L\c' - c'K) 

+g[c X c^PV^ - g[c x c^I^V^} . (7.11) 

The first and the second terms in the r.h.s. of this expression reproduce the back- 
ground local gauge invariant stochastic gauge fixing terms in ( [4 .131) with ( |4.11|) . The 



16k 
.± 
'I6f 



third term describes the interactions between the vector superfield and the FP ghosts. 
The interaction terms in the BRST exact part do not contribute to the renormal- 
ization of the vector superfields sector, while these terms are renormalized by the 
perturbative correction due to the vector superfields. The power counting argument 
is essentially the same as (|7.5|) which assures the renormalizability of the BRST in- 



variant formulation of the stochastic BFM. We comment on the difference between 
the stochastic BFM and the conventional BFM. In the conventional BFM, we need 
the Nielsen-Kallosh ghost. By contrast, in the stochastic BFM in the BRST invariant 
formulation, it is not necessary to introduce an additional ghost corresponding to the 
Nielsen-Kallosh ghost. This results from that we do not introduce a device such as 
the quadratic term of the Nakanishi-Lautrup fields, which are chiral and anti-chiral, 
in defining the stochastic gauge fixing term in ( |7.2| ) and also in ( [7.9| ). 
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We also comment that the Jacobian under the changes of the integration variables 
to define the stochastic BFM, (|6.7| ) and ( [7 .61) , is trivial. We have already mentioned 
this fact for the vector superfields V and w in the previous section. For the FP- 
ghosts, it is a consequence of the retarded nature of the superpropagators of the FP 
ghosts. Their superpropagators in the Feynman gauge are given by 

{c^{T,z)-c\r',z')) = -^(v^-'^y\-\v')6\z-z')6{T-T') , (7.12) 

in the vanishing limit of the quantum vector superfield ^ 0. Because of the 
retarded nature of these superpropagators, the FP-ghost loops do not contribute to 
relevant stochastic Feynman diagrams. This means that the Jacobian of the changes 
of the integration variables for the FP ghosts, (|7.6|) , is trivial, even if it could be 
evaluated by, for example, a gaussian cut off regulator with the differential operators 
in (^). 



Now we discuss the equivalence of the stochastic BFM ( |7.9| ) to the standard 
SQM (|7.2|) in the context of the BRST invariant formulations. Let us consider 
the partition function which is defined by the changes of the integration variables in 
^BRST in ( r.9D by the inverse transformations of (|6^ ) and ( [TgI) . This procedure yields 
a relation between Zbrst and ^brst in (|7.2|) . By definition Zbrst is background 
field independent. The possible background field dependence in .^brst, after the 
changes of the integration variables may come from the background local gauge 
invariant stochastic gauge fixing procedure, since the Jacobian of these changes of 
the integration variables is trivial. The BRST transformation (|7.7|) is also converted 
to the orginal one ( |7. 1|) . As we have already studied, we obtain the unusual stochastic 
gauge fixing term ( |6.11| ). Therefore, after the changes of the integration variables, 
^BRST becomes ^brst^ 

^BRST = J VVViSiVcDc'VcVc e^^^sT ^ 

i^BRST = Ko(y,w)+i J(fzdTC^C +i J(fzdTC^C + ^ibrst^ 5 

X = ^Tryrf^^rfrjcV^'^nt (v^f-\v,Y)'^ - c e^^" (^©^"^(V, V)) }(7.13) 

Here, -R'brst includes the unusual stochastic gauge fixing (|6.11|) in its BRST exact 
part and the difference of -R'brst froni the standard ii'BRST is BRST exact. This 
implies the equivalence of the stochastic BFM to the standard SQM up to a BRST 
exact term in these BRST invariant formulations. Clearly, the background field 
dependence of ^brst takes a BRST exact form. This indicates that ^brst reproduces 
the background field independent expectation values for the local gauge invariant 
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(i.e., BRST invariant) observables. The generating functional of the correlation 
functions of a composite opetator O may be defined by 

+JO + 1{5'j,^stO)] . (7.14) 

Here Q'^ denotes all the superfields, = {V, ). Ja^ denotes the corre- 

sponding external source currents. Since the background field dependence of -R'brst 
is BRST exact, the variation with respect to the background fields is given by 



M 



thereby vanishing in the limit Jm for the local gauge invariant (i.e. BRST in- 
variant) observable ^brst^ — 0- Therefore Z^^^r^, in fact, generates the background 
field independent correlation functions for the local gauge invariant observables. This 
completes the proof given in the previous section. 



8. Discussions 

In this note, we have applied the stochastic BFM to SYM4. By the explicit one-loop 
calculation, we obtain the one- loop /3-function for the gauge coupling constant. The 
/5-function agrees with that given in the conventional approach. Therefore we have 
confirmed by the explicit one-loop calculation that the stochastic gauge fixing proce- 
dure for SYM4 is equivalent to the Faddeev-Popov prescription in the path-integral 
method. This is consistent to our previous formal proof on this equivalence in 
the following sense. 

In the standard SQM approach to SYM4, the stochastic gauge fixing procedure 
is equivalent to the Faddeev-Popov prescription in the superfield formalism. In this 
case, the necessary ghost is only the Faddeev-Popov ghost in the path-integral ap- 
proach. The BRST invariant structure is also introduced in the standard stochastic 
action [0 which ensures the perturbative renormalizability of SYM4 in SQM. 

In contrast, the Faddeev-Popov prescription in the conventional BFM requires 
the Nielsen-Kallosh type ghost in addition to the Faddeev-Popov ghost in the su- 
perfield formalism. This is the particular feature of the conventional BFM in the 
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superfield formalism. Our proposal for the stochastic gauge fixing procedure in the 
stochastic BFM is to choose the Zwanziger's gauge fixing functions to be invariant 
under the background local gauge transformation. The one-loop calculation in the 
stochastic BFM agrees with that in the conventional approach which supports that 
the backgound local gauge invariant stochastic gauge fixing procedure simulates the 
contributions of the Nielsen-Kallosh ghost as well as the Faddeev- Popov ghost. 

We have given a proof on the equivalence of the stochastic BFM to the stan- 
dard one in the context of SQM by mapping the stochastic gauge fixing procedure 
defined in BFM into the standard SQM. In particular, the background field inde- 
pendence has been verified for the expectation values of the local gauge invariant 
observables, evaluated in an unusual background field dependent stochastic gauge 
fixing, in terms of the BRST invariant formulation of SQM. An important check 
on the equivalence may be the calculation of anomalies in SYM4. For example, the 
superconformal anomaly in SYM4 is known to be proportional to the /3-function of 
the gauge coupling p5[ PB| P7|] . By deriving such an anomaly without using the re- 
lation to the /3-function, we can also check that the stochastic BFM reproduces the 
contribution of both ghosts in the conventional BFM. 

In the context of the stochastic BFM, the superfield Langevin equation is given 

by 



dr Ak 



( L\ 



{V-, w^Y' + {v^, wy V j + 7^ V , (8.1) 

as shown in ( [B.9| ). Although we have worked in the stochastic action principle for the 
one-loop renormalization procedure, this form of the superfield Langevin equation 
in the stochastic BFM may be useful to evaluate anomalies. The analysis will be 
reported elsewhere. 
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A. Conventions in the stochastic BFM 

A backgound superfield f2, VL^ and a quantum superfield V are introduced by the 
following definition. 

Here we have denoted the original vector superfield as V . In this note except §2 and 
§3, "(9 "indicates that the quantity O such as a covariant derivative is evaluated 
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with respect to the original vector superfield V or the quantity is defined in relation 
to the original vector superfield. We note that the quantum fiuctuation is a vector 
superfield, while the background fields, fl and are not. There are two types of 
local gauge transformations. One is the background type 

where 7^ is a vector superfield, K^^ = K. The superfields S and are chiral and 
anti-chiral, -DqS = -DoS^ = 0, respectively. The background vector superfield is 
defined by e^^^ = e^^e^^^ which is transformed as 

g2,V ^ ^^^gt^^2gW^^gt ^ 3) 

under the background local gauge transformation. By using the gauge degrees of 
freedom of K, we can choose the gauge O = fi''^ = V.[^ In this gauge, the residual 
background local gauge transformation is ( |A.3|) . 

The other is the quantum type local gauge transformation, 

gZgV- _^ ^gn^^-gn^-igf^ ^gny2gV l^^gn^ ^igt^-gn'iygn^ ^ 
gisA ^ gisAgisS _ 

The quantum type is generated by the superfield S = e^^^Se"^^^ and its hermitian 
conjugate They are background covariantly chiral and background covariantly 
anti-chiral, satisfying 

vj: = [Va, s] = , Vo^j:^ = [v^, s"^] = o . (a.s) 

Here the background covariant spinor derivatives are defined by 

= e-^^D^e^^ = e-3^^D^, = e^^^^D^e'^^^ = e^^"^^, (A.6) 

The background covariant spinor derivatives are transformed as 

Va, C'^^V^e'^^, ^ e-'^^V^e'^^ , (A.7) 

under the background local gauge transformation. We also introduce a background 
covariant space-time derivative 



V^,V^j = -2iaZVm . (A.8) 

The superfield strength, Wa, is expanded with respect to the quantum field V in 
the following way. The original covariant derivative, Va = e~'^^^ Dac"^^^ = e~'^^^vDa, 
satisfies a covariant commutation relation with Dq. 



{Va, Da] 



-2taZf>^ , (A.9) 
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where |e ^^^(D^e^^^), D^j = 2(T^f ^ and = dm + it'm- It is more convenient 
to introduce a chiral representation by a similarity transformation, 

(V„, V^, Vm) = (e^^":P„, e^^«D^, e^^"P^). (A.IO) 

"V "denotes that the covariant derivative includes the quantum vector superfield 
V. For the other chiral representation of covariant derivatives Va = e^^^DaC"^^^ = 
e^^^vDa and Da, which satisfy 

{P", D"} = -2ta^^v" , (A.ll) 

we introduce, 

(P", V°, V„) = (e-5^"D°, e-^^"P", e-»^"^^). (A.12) 

Superfield strengthes and their covariant derivatives are also expressed with these 
covariant derivatives by the similarity transformation, 

(Wa, {V^, W}) = (e-3^"W^, e-^^"{^^, w"}) , (A.13) 

where 

Wa = —[v^, {v^, V4] , 

Wa = Ipf", {Vp, V4] . (A.14) 

We also note the reality condition. In its original form, it is given by e'^^^v {P", Wa} = 
{^a, W"}- This reads 

g23Lv|v°, lyj = {V^, W"} , (A.15) 

that holds in each order of V. 

These formulaue are expressed by the background vector superfield V defined 
by e^^^ = e^^e^^^ and the background covariant derivatives 

= e^'^D^e-^'^ . (A. 16) 

The corresponding superfield strengthes, and W^, are also introduced by re- 
placing Da and Da to D and D^, respectively, in their original definition (|2.2|) . In 
this note, we use the relations in the gauge f2 = = V 

W„ = e-^^»mi^^ , = e^^"TFi°^ ,e.t.c. (A.17) 
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Here Wi^^ = 



and = Wo, 

v=o 



v=o 



After the background local gauge invariant gauge fixing procedure, the stochastic 
BFM respects the invariance under the stochastic time independent backgound local 
gauge transformation for which the transformation parameters are stochastic time 

independent, — S = — = and —K = 0. This is because the stochastic gauge 

dt dt dt 
fixing procedure breaks the invariance under the stochastic time dependent local 

gauge transformation. For the stochastic time independent background local gauge 

transformation, we introduce the background covariant derivative with respect to the 

stochastic time 

dr 

V, = e^""' ^e-a""' , (A. 18) 

dr 

which are transformed as e~'^^^Vre^^^ , Vr e~^^^T>re^^^ . Corresponding 

to this definition, the stochastic time independence is expressed as the background 
covariant stochastic time independence, which means that the transformation pa- 
rameters satisfy 

P^S = Vr^^ = . (A. 19) 



The covariant derivatives (|A.18|) are also expressed with the background vector 

superfield as D,- = e^^^— e~^^^ . This reads 

dr 

= e^?^"P, = ^ + e^^" - V'^) . (A.20) 
dr 

^ ^ ^ 

Here = Vr — ;— and T>' = — — . We note that this simply indicates that the 

dr dr 
derivative with respect to the stochastic time must appear in the effective stochastic 

action in the combination T>^ — V' 



B. Derivation of the Langevin equation in the stochastic BFM 

In this note, we work in the stochastic action principle for the perturbative anal- 
ysis and do not use the Langevin equation, explicitly. In the stochastic BFM, the 
Langevin equation is useful for the evaluation of anomalies. For further application 
of the stochastic BFM, we derive the Langevin equation in this appendix, we con- 
sider the continuum limit of the Langevin equation ( p.7|) by taking the limit At 0. 
The noise superfield Aw is replaced to r]. The correlation of is defined in ( |3.1|) . We 
assume that the background fields depend on the stochastic time. 

The auxiliary chiral and anti-chiral superfields for the gauge fixing functions , 
$ and $ are now the background covariantly chiral and the background covarianly 
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anti-chiral. Namely, we have redefined = e^^nt^ and (p = e~^^"$ in (|4.7| ). $ = <|)^ 
implies cj) = (p^ . These superfields satisfy, = X>q,0 = . By the definitions of the 
background covariant derivatives and their chiral representation, we obtain 



2g i Ly dr \ dr J dr 

= +-^(0 - + fe'^^^{V", + {Va,W"}) + e-^^"77 . (B.l) 

Ak Aug V / 

Under the stochastic time independent background local gauge transformation, the 

l.h.s. is transformed as {^e^<^^)e-'^^^ e-'^^ {^e^<^^)e-'^^^ e'^^ , thereby ensur- 

dr dr 
ing the covariance of the Langevin equation under the stochastic time independent 

background local gauge transformation. 

In a standard analysis of SYM4 in SQM, the Zwanziger's gauge fixing functions 

have been chosen as l> = i^D D^V and i> = —ijD^D V in ( p. 101) . In the stochastic 

BFM , for the covariance of the gauge fixing functions under the background local 

gauge transformation, they are determined on dimensional ground as = z|P V'^V 

and (f) = —ijD'^'D^V in ( [4.11 ). This choice satisfies the background chiral and 

anti-chiral conditions on the gauge fixing functions and conincides with the original 

gauge fixing functions in the weak background field limit. For the quantum vector 

superfield V , ( [B.2|) reads 



= ji-(i^{V%iy„}'+ {Vi.lTjV) V . (B.2) 

The stochastic action in the stochastic BFM can be directly obtained from the inte- 
gral representation of this expression. 

We note that one might suspect that the noise superfield fj = e'^^'^rj in ( [B.2| ) 
depends on the background field Q and however, this is not the case. In fact, 
by definition, the noise superfield, fj, satisfies the correlation (|3.1| ). The hermiticity 
condition on the noise superfield, r^^ = e~'^^^vri, is reduced to 

= e-^^^^i) , (B.3) 

for fj. From ( |B.3| ), f/^ also satisfies the correlation ( |3 . 1| ) . The correlation between fj 
and f/^ is given by 

(r^,,(r, z)r/t(r', z'))^^ = 2/3k((e2^^).Ke-^^^)., - ]^6,,a)5\z - z')6{r - r') .(B.4) 

Here, the r.h.s. is not the expectation value in Ito calculus. Therefore, fj has no 
dependence on the background fields. The components of r/^ are determined by 
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). The condition ( p.3| ) means that the noise superfield fj (also rj) is not a vector 
superfield. This is the price we have paid for the covariance of the superfield Langevin 
equation. We emphasize that, although the noise superfield is not a vector superfield, 
the time evolution of the vector superfield V preserves its hermiticity V"^ = V. This 
can be seen as follows. ( [B.3| ) reads 

= |l + tanh(^Lv)}^(r/ + f/^) . (B.5) 

The second term represents the imaginary part of the complex noise superfield fj. 
On the other hand, the time evolution equation of the vector superfield V in ( p.2| ) 
is described by the collective noise = rfL^"". In the matrix representation, as 
given in ( |2.5| ) for the time evolution of V before taking the continuum limit, this is 
expressed as 



= [cot\i{gLv) - i^n\i{gLv)]gLv]^{f] + f]^) . (B.6) 

As is clear from the expression, the collective noise is a vector superfield, St = 
Sj^. This ensures that the time evolution of the vector superfield V preserves its 
hermiticity V'^ = V. The relations we have explained for the noise superfields in the 
stochastic BFM also hold in the standard SQM approach. ||12||[p!3[ 

In the Langevin equation ( B.2 ), we discard the "classical "field equations for the 
background fields. It is given by 

( {^e3^')e-^^' + e-5^(Ae^^^)) - ^({V^, ly^} + {D^, W"^'^}) = . (B.7) 

The classical backgound field equation is written by Vt and . By the definitions of 
the covariant derivatives with respect to V, it reads 

Dt + i-(^e2f^v|Da^ w4 + {D«, W"}) = . (B.8) 

Substituting the classical field equation ( [B.7| ) into the Langevin equation ( |B.2| ), we 
obtain 

dr Ak 

\\{V^, Wy' + { V«, Wy'lA + 77 V • (B.9) 



Aug 



Here {V", W^}' = {V", PVJ - {P", W^} , and { V^, = { V<i, W^"} - {D^, W""} . 
This is the basic Langevin equation for the stochastic BFM. In the Feynman gauge 
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^ = 1, the expression becomes 

Ay _ 1 [ y P' + p' 

= i (l)'"©^ - + \/ + 0(1^", n>2) + r] , 

0{V",n> 2) 

= V, c^^ + 4>] + -(-g{[V,V^V], } + f { V^V, V'VW } 

o o 
K 



+ 0(V"',n' > 3) V, ?7 ] . (B.IO) 



Here, for the one-loop analysis, the interaction terms are necessary up to the second 
order of the quantum fluctuation, V. In order to derive the expression, we have used 
the reality condition and the following relations 



1 



WO)^a 1, 



2 



(B.ll) 
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